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Simulation Issues

Enabling Particle-in-Cell Simulations
Three-Step Framework
Absorption-Reflection: Dielectric Parameters

Buridan’s PICass

SPEED
Canonical emission equations

Analytic Methods
Smooth Surface
Isolated Emitter

Instantaneous Emission

ACCURACY
Space Charge + Curvature Barriers

Adaptive Meshing
Intrinsic Emittance

Shielding
Delayed Emission & Transit Times

Canonical Eqs. (FD, FN, RLD) are fast, but neglect Photo-Thermal-Field &
mesoscale; analytical models are exact but actual emitters are complicated;
instantaneous emission assumed

PIC handles Shielding, Space Charge, and Field affected by roughness, but
nanoscale primary determinant of all thermal-field-photoemission contributions

Thermal-Field-Photoemission Emission Challenges to Simulation Codes:

Everything affects emission. Emission affects T and surface field.
Space charge, T ,F affects Everything
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Simulation Issues

Enabling Particle-in-Cell Simulations
Three-Step Framework
Absorption-Reflection: Dielectric Parameters

Absorption-Transport-Emission Model

QE = [1 − R(ω)]

∫ ~ω−Eg
Ea

EdE
∫ 1
√

Ea/E
xdx D∆(Ex2) fλ(x,E)

2
∫ ~ω−Eg

0 E
[∫ 1

0 dx
]

dE
(1)

III-V

~ 5 eV

Ec

Ev

Cs2O

~ 0.8 nm

High, thin triangular barrier: s2 ≡ (~ω − Eg − Ea)/Ea and C ≈ n(1 − R)/(1 + p) with n = O(1)

D4(E) ≈
4[E(E − Ea)]1/2(

E1/2 + (E − Ea)1/2)2 → QE ≈
2Cs5

(1 + s2)(1 +
√

1 + s2)(s +
√

1 + s2)
(2)
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See Ref. 6
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Enabling Particle-in-Cell Simulations
Three-Step Framework
Absorption-Reflection: Dielectric Parameters

Drude-Lorentz Model

Laser penetration depth δ(ω) and
reflectivity R(ω)

R(ω) =
(n − 1)2 + k2

(n + 1)2 + k2

δ(ω) =
c

2kω

(3)

n and k from Bound (Lorentz) ε̂b & free
(Drude) ε̂f components⇒ (fj,Γj, ωj)

ε̂(ω) = ε0
(
n2 − k2 + 2ink

)
≡ ε̂f + ε̂b

ε̂f (ω) = 1 −
f0 ω2

p

ω(ω + i Γ0)

ε̂b(ω) =

n∑
j=1

fj ω2
p

(ω2
j − ω

2 − iωΓj)

(4)

Right: Perovskites; metals,
Multialkali antimonides = similar results
See Ref. 5
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Simulation Issues

Semi-Analytic Gamow Factor
Generalized Emission
General Barriers and Shape Factor

The Canonical Equations

Thermal : Richardson-Laue-Dushman
C. Herring, M. Nichols, Rev. Mod. Phys. 21, 185 (1949).

JRLD (T) = ARLDT2 exp
(
−

φ

kBT

)
(5)

Field : Fowler Nordheim
E.L. Murphy, R.H. Good, Phys Rev 102, 1464 (1956).

JFN (F) =
AFN

t(y)2 F2 exp
(
−v(y)

BFNΦ3/2

F

)
(6)

Photo : Fowler-DuBridge
L.A. DuBridge, Phys. Rev. 43, 0727 (1933).

QE ≡
~ω

q

(
J
Iω

)
∝ (~ω − φ)2 (7)

Secondary : Baroody
E.M. Baroody, Phys. Rev. 78, 780 (1950)

δ(Eo) = BEoe−λ
∫ 1

0
exp

(
λs2

)
ds (8)

Space Charge : Child-Langmuir
I. Langmuir, Phys. Rev. 2, 450 (1913).

JCL (ϕa) =
4ε0

9D2

(
2q
m

)1/2

ϕ3/2
a (9)

Φ = Work Function; T = Temperature; F = qE;
~ω = Photon energy; Iω = laser intensity;

Eo = Primary electron beam energy;
λ = energy loss per unit length

D = anode-cathode gap; ϕa = anode potential

Equations follow from J evaluation
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Semi-Analytic Gamow Factor
Generalized Emission
General Barriers and Shape Factor

Shape Factor Method

σ(E) and u(E) (related to ∂Eθ) defined by

σ(E) =

∫ x+

x−

{
U(x) − E
Uo − E

}1/2 dx
L

(10)

u(E) =

∫ x+

x−

{
Uo − E

U(x) − E

}1/2 dx
L

(11)

Length/Height scales: (φ = Φ −
√

4QF)

FL(E) =

√
(µ + Φ − E)2 − 4QF

~κ(E) ≡
√

2m(µ + φ − E)
(12)

Gamow factor using Shape Function

θ(E) = 2 σ(E) κ(E)L(E) (13)

σ(E) is factor accounting for shape

rectangular: σ� = 1

triangular: σ4 = 2/3 = 0.6667

parabolic: σ∩ = π/4 = 0.7854
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]1/
2

σ(E) = red / blue; µ = 7 eV, Φ = 2 eV, F = 1 eV/nm

Relation to Fowler-Nordheim Equation

JFN (F,Φ) =
qm

2π2~3

e−2σ[y(µ)]κ(µ)L(µ)

[2u(µ)κ(µ)L(µ)]2

Relation to SN Functions, y =
√

4QF/Φ

σ(µ) =
2v(y)

3(1 − y)
√

1 + y
; u(µ) =

2t(y)√
1 + y
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Simulation Issues

Semi-Analytic Gamow Factor
Generalized Emission
General Barriers and Shape Factor

General Current Density Relation I

J(F,T) =

∫
dJ(E) =

qm
2π2βT~2

∫ ∞

0
h(E)

ln
{
1 + exp[βT (µ − E)]

}
1 + C(E) exp[θ(E)]

dE (14)

4 Gamow and Field E Slope Factor

θ(E) ≡
4
3
κ(E)L(E)

=
4
√

2m
3~

(Vo − E)3/2
(15)

βF(E) ≡ −
dθ
dE

=
2
√

2m
~F

(Vo − E)1/2
(16)

Linearize (Em is location of maximum):

θ(E) = θ(Em) − βF(Em)[Em − E] (17)

Thermal E Slope factor: βT ≡ 1/kBT

Triangular (FN) Barrier: Vo = µ + Φ
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)

2 eV/nm
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V(x) = Vo − Fx
dJ (normalized) for µ = 5 eV, Φ = 2 eV

T = 1000 K for different F.
Symbols are Exact, Lines are linearized θ;

color areas: integrand of Eq. (14) using Eq. (17).
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Simulation Issues

Semi-Analytic Gamow Factor
Generalized Emission
General Barriers and Shape Factor

General Current Density Relation II

The reason for replacing θ(E) by its linear approximation θ(Em) − βF(Em) (E − Em) is
because doing so leads to an analytic General Thermal-Field-Photoemission equation

GTF in linear θ Approximation (h = C = 1)

J(F,T) ≈ ARLDT2N(n, s)

n(F,T) ≡
βT

βF(Em)
s(F,T) ≡ θ(Em) + βF(Em)(Em − E)

(18)

N has field, thermal dominated parts

N(n, s) ≈ e−sn2Σ

(
1
n

)
+ e−nsΣ (n)

Σ(x) ≈
1 + x2

1 − x2 − 0.36 x2 − ...

(19)

Σ(x) is singular at x = 1: both T and F
components required to cancel it out

field limit is FN; thermal limit is RLD
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)

N(n,s)
Using Σ(x)
RLD limit
FN limit

TF Regime

Photoemission: (h,C are involved)

JP ∝ (~ω − φ)2 +
π2

3

(
β−2

T + β−2
F

)
(20)

(n2 � 1, JP → JFD)
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Simulation Issues

Semi-Analytic Gamow Factor
Generalized Emission
General Barriers and Shape Factor

Quadratic and MIM Barriers
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Thermal-Field-Photoemission Emission

Simulation Issues

Tunneling/Flyover Times
Roughness / Transverse Velocity
Back to PIC

Reflectionless Transmission
Pöschl-Teller (PT) well (sech2 potential) See Ref. 5

Vpt(x) = −
~2ν(ν + 1)

2ma2 sech2(x/a) (21)

Integer ν, D(k)→ 1 = all incident e− for a
particular k =

√
2mE/~ are transmitted (yellow)
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TMA Analysis gives D(k): xj points shown

Modify D4[E(k)] (Eq. 2) by ka and r from fits

D(k) ≈
kr(
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a

)1/2 (22)
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Thermal-Field-Photoemission Emission

Simulation Issues

Tunneling/Flyover Times
Roughness / Transverse Velocity
Back to PIC

Wave Packet on Delta Barrier

Delta Function Barrier: V(x) = (~2γ/2m)δ(x)
Wave function

ψk(x) =

{
eikx + r(k)e−ikx (x < 0)

t(k)eikx (x > 0)
(23)

r(k) = −
iγ

2k + iγ
; t(k) =

2k
2k + iγ

(24)

D(k) = |t(k)|2 = 4k2/(4k2 + γ2) (25)

−4 −2 0 2 4
0

0.2

0.4

0.6

0.8

1

kox/π

ρ
/ρ

m
ax

t = −7.854
t = 0.000
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See Ref. 1: Above: gaussian wave packet hitting δ-barrier
Right: ρ(x, t) as contour plot: Horizontal white line x = 0
Diagonal white lines = ballistic equations x± (t) = ±~kot/m.

Ballistic model (white diagonals): x(t) = xo ± ~kt/m

-30 -20 -10 0 10 20 30

-20

-15

-10

-5

0

5

10

15

20

0.5

1

1.5

2

2.5

-6 -4 -2 0 2 4 6

-5

-4

-3

-2

-1

0

1

2

3

4

5

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

2.2

DISTRIBUTION A, Approved for public release, distribution is unlimited. Electron Emission Models for Simulation pg 12 of 21



Modeling Photoemission
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Simulation Issues

Tunneling/Flyover Times
Roughness / Transverse Velocity
Back to PIC

Wave Packet onWide Rectangular Barrier

V(x) = (~2k2
v/2m) Θ(x)Θ(Lb − x)

Group (τg), tunneling delay (τd), and
interference delay (τi) times:

τd(k) ≡
( m
~k

) ∫ L(k)

0
|ψk(k)|2 dx

τi(k) ≡ −
~

k
=[r(k)]

(
dk
dE

) (26)

Hartman effect: as Lb → ∞, τg = τd + τi
independent of Lb (θ → ∞)

τd(k)
τo

=
k
κ(k)

tanh θ(k)

τi(k)
τo

=
κ(k)

k
tanh θ(k)

(27)

τo = ~/Vo = 0.658 fs for Vo = 1 eV

Gamow Factor θ(k) is

θ(k) = 2Lb

√
k2

v − k2 ≡ 2 κ(k) Lb (28)

Right: dots = Eq. (26); lines = Eq. (27)
See Ref. 1
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Thermal-Field-Photoemission Emission

Simulation Issues

Tunneling/Flyover Times
Roughness / Transverse Velocity
Back to PIC

Transmission and Reflection Delay (TARD) Model I
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(above) Standard representation of ρ(x, t) for Eo = 4.5 eV:
transmitted is mostly tunneling. Shaded = V(x). 5 snapshots

(right top) Contour of ρ(k, t): locations of peaks define
kr = −13.1140 nm−1 and kt = 14.8152 nm−1 (TARD k). Vertical
red lines are at k = ±ko = ±13.5546 nm−1 and k = 0.

(right bottom) Contour of ρ(x, t): two horizontal black lines
defined by crossings at (x = 0), separated by = 0.5461 fs. This
is the TARD time

See Ref. 3
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Thermal-Field-Photoemission Emission

Simulation Issues

Tunneling/Flyover Times
Roughness / Transverse Velocity
Back to PIC

Rectangular Barrier
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Wave Packets incident on rectangular barrier
Gray and blue lines normalized to incident max. For Case (0.2),
solid red line normalized to incident max, and dashed red line to
max of transmitted (red) portion; in cases (0.4, 0.8, 1.6), red lines
all normalized to transmitted max. Green line is free wave packet
normalized to its max, evaluated at the same time as “trans”
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0.9, wave packet incident on rectangular bar-
rier. Delay associated with reflection evident
in how contour lines depart from white bal-
listic lines.
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Thermal-Field-Photoemission Emission

Simulation Issues

Tunneling/Flyover Times
Roughness / Transverse Velocity
Back to PIC

Triangular Barriers

Propagating gaussian
wave packet

ρ(x, t) norm to each t
slice for triangular
(Fowler Nordheim)
barrier

horizontal = time,
vertical = position

Fo = q|E| as shown

White curved line for
x > xo = W/2, where
W = 50 nm,
corresponds to xb(t)

Both reflected and
transmitted show TARD

Color bar and axis
labels (t/tmax, x/W) are
same as before.
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Mean Transverse Energy from Roughness I

F = q|E| is a force: Total force F2 = F2
x + F2

y + F2
z is product of β(x, y, zs) with the

background Fo such that |~F| = βFo.

β(x, y, zs) for surface used to find |~F| = βFo used in JGTFP(F,T)

(β > 1) near apexes of protrusions, (β < 1) occurs in valleys between protrusions
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See Ref. 2
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Mean Transverse Energy from Roughness II

2

1

3

4

Particle trajectories simulated in MICHELLE
1 in 20 particles are shown.

1 Periodic boundary

2 Cathode with rough surface

3 Vacuum space and trajectories

4 Vacuum space outline (cut at y = 0). (bottom)
Cathode surface showing grid.

Agreement with ballistic impulse approx See Ref. 9
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Beam Equation I

e− emitted with ~v⊥ rotate about ~B with frequency ωo = qB/m.

Cathode boundary: red thick circle. e− orbit: thin multicolored circles (72 shown) See Ref. 2

Initial ~v⊥ Maxwell-Boltzmann distributed, randomly placed at black dots

(left) Cathode area is large compared to the orbit radii.

(right) cathode area is comparable to the orbit radii.
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Beam Equation II

Beam radius ≡ RMS average of individual e− :
(x, y) = cathode plane, ẑ = beam direction

R(t)2 =
1
N

N∑
j=1

[
xj(t)2 + yj(t)2

]
(29)

R(t) oscillates: d/dt → vd/dz = βcd/dz
space charge and emittance ε terms added
Beam Envelope (β, γ ↔ relativistic factors)

d2

dz2 R+

(
qB

2βγmc

)2

R−
2Ia

(γβ)3Io

1
R
−
ε2

R3 = 0 (30)

Brillouin flow: blue + green + purple= 0.
Current density = current over area

Ia

πR2 =
Io

8π

(
2Kb

mc2

)1/2( qB
mc

)2 {
1 −

8mKbε
2

q2B2R4

}
Jbeam (ε) = Jbeam (0) {1 − δ (ε)}

(31)
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1

1.5

ωot

R
(t

)/
R

c

Large Cathode

Small Cathode

Symbols: R(t) defined by Eq. (29) for the
orbits of prior slide

Lines: ad hoc fit:
Ra(t) = Ro − A cos(6.3ωot)

Smaller beam⇔ more ε affects J(ε)

See Ref. 2
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Concluding Remarks

Model Components

Accurate Physics demands compete with PIC speed demands

Optical Parameter Model: Lorentz-Drude for absorption, scattering

Barrier Transport Model: Analytic Gamow - Shape factor & TMA

Emission Delay Model: Wave packets via Wigner and Schrodinger

Roughness models and Intrinsic Emittance

Effect on Beam Models

Methods

DFT provides Lorentz-Drude, Barrier parameters, dielectric info

Emission Studies and TARD: WDF gives unambiguous ko, suitable for
smoothly varying V(x); Schrödinger Eq. gives exact, suitable for abrupt /
simple V(x): method of accounting for tunneling/transmission delays in
emission is in progress

Transmission probabilities give launch velocity, current density for PIC
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