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MoIvaIon 

•  Blow-out	wake	excited	by	axial-symmetric	beams1	

Ø linearly	focusing	field:		
Ø transversely	uniform	acceleraIon	field	

•  Beams:	alignment	errors,	asymmetric	shape	…
Ø ModificaIons	to	the	EM	fields	
Ø InstabiliIes2 

�E� + ẑ � �B� =
1

2
�r

1W.	Lu	et	al.,	PRL	96,	165002	(2006);	
	M.	Tzoufras	et	al.,	PRL	101,	145002	(2008).	
2David	H.	Whi`um	et	al.,	PRL	67,	991	(1991);		
C.	Huang	et	al.,	PRL	99,	255001	(2007);	… 



Method 

axial-symmetric	beams 

rb(ξ) in	cylindrical	
coordinates	 

in	Cartesian	
coordinates	 



δrm(ξ) 

Method 

arbitrary	beams:	
Ø  longi-trans	correlaIons	(m=1)	
Ø  different	spot	sizes	(m=2)	
Ø  higher-order	azimuthal		components	

(m≥3) 

∝cos(4θ) 

�(x, y) =
+��

m=0
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Method 
arbitrary	beams 

rb(ξ) 

∝cos(mθ) 

1.	The	m=0	wake	from	the	m=0	beams	
 

2.	The		m≥1	EM	fields	
from	the	beams	

3.	The	perturbaIon	δrm	of	the	ion	column	boundary	
 

4.	Give	the	profile	of	high-order	
sheath	structure	Sm	based	on		
δrm	to	calculate	the	ψm. 



The	EM	fields	of	arbitrary	relaIvisIc	beams 

•  2D	Poisson	equaIon:	
				with	the	Green’s	funcIon	

•  Charge	distribuIon:	
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The	EM	fields	of	an	arbitrary	relaIvisIc	beam 

Ø with	a	transverse	offset:	
	
Ø with	different	spot	sizes: 
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How	to	solve	a	m=0	blowout	wake 

1W.	Lu	et	al.,	PRL	96,	165002	(2006).	

Describe	the	trajectory	of	a	
boundary	plasma	e- 
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The	perturbaIon	to	the	ion	column	
boundary	δrm 

dP�
dt

= �(Er � �zB�)

In	the	“short	pulse	limit”: 

mth	EM	fields 
variaIon	of	0th	EM	fields	
due	to	δrmcosmθ 

δrm(ξ) 
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Describe	the	perturbaIon	to	
the		trajectory	of	a	boundary	e-	 

unperturbed	+	perturbed	(small) 



The	pseudo-potenIal	ψm	from	Sm 

•  The	Poisson	equaIon	of	ψ	:	
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�mcosm�, S =
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Smcosm�,	where 
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S0 



The	pseudo-potenIal	ψm	from	Sm:	the	constraint	
from	the	conInuity	eq. 

•  The	Poisson	equaIon	of	ψ	:	

� =
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�mcosm�, S =
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Smcosm�,	where 

Ø  The	conInuity	equaIon	of	the	charge	

Ø  Aqer	azimuthal	expansion,	

					Integrate	over	r:	

Ø  when	m=0,	

Ø  when	m≥1,	we	need	to	make	a	
connecIon	between		Jθ	and	nΔ.		
SIll	working	on	this.	
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The	pseudo-potenIal	ψm 

And	the	mth	EM	fields	inside	the	wake: 
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Comparison	of	δr1	between	
simulaIons	and	formulas 

M.	Tzoufras,	et	al.,	PRL	101,	145002	(2008) 

QuickPIC	results 



SimilariIes	and	differences	between	metal	
pipes/hollow	channel	and	blowout	wake 

Metal	pipes1	/	
plasma	hollow	

channel2 
Nonlinear	blowout	

wake 

structure preformed excited	by	m=0	
components 

perturbaIons	(saIsfy	
linear	superposiIon) all	m	modes m≥1	modes 

method boundary	condiIons study	the	profile	of	the	
sheath 

1Chao	Alexander,	Physics	of	collecIve	beam	instabiliIes	in	high	energy	
accelerators,	1993.	
2C.	B.	Schroeder,	et	al.,	PRL	82.1177	(1999).	 



•  ApplicaIons	
Ø Study	the	growth	of	“slice”	emi`ance	and	
energy	spread	in	a	staIc	wake	

Ø Study	instabiliIes	
Ø Study	“general”	beam	loading	with	high-order	
modes		

Ø … 



InstabiliIes	induced	by	the	high	order	modes 

(1)  m=1:	hosing1	

	
(2)  m=2:	quadrupole	instability	 

1David	H.	Whi`um	et	al.,	PRL	67,	991	(1991);	
C.	Huang	et	al.,	PRL	99,	255001	(2007). 
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Is	there	a	Green’s	funcIon																								?	 

•  No	for	beams	with	m=0	component	
Ø m=0	component	modify	the	wake	shape:	rb0	
Ø The	equaIon	of	the	perturbaIon	δrm	

	
	
•  Yes	for	a	beam	with	pure	high-order	(m≥1)	azimuthal	
components 

W�,�,m(�s, � � �s)



Summary 

•  We	are	working	on	developing	a	model	for	the	
nonlinear	blowout	wakes	with	high-order	
azimuthal	modes.	

•  This	model	can	help	us	to	study	the	growth	of	
the	emi`ance,	energy	spread	in	such	a	wake,	
study	the	instabiliIes	due	to	the	coupling	of	
high-order	modes	of	the	beams	and	the	wake,	
and	study	“general”	beam	loading.	 



•  Thanks! 


